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ABSTRACT 
For p > 1 we present reasonable nonnegative functions f(t) on [0, m> such that in 
the space of matrices 0 < A, B and B <f(A) imply BP < AP. 
The order relation A > B between two n X n Hermitian matrices A, B 
is defined to mean A - B is positive semidefinite. Hence A 2 0 means that 
A is positive semidefinite. Let us write A > 0 if A is positive definite. 
It is well known (see [2] and [3, Chapter 61) that for 0 < p < 1 the map 
X ++ XP on the cone of positive semidefinite matrices preserves the order 
relation, that is, 0 < X < Y implies X P<YP,whileforp>litdoesnotin 
general. 
Given p > 1, our interest is to find reasonable nonnegative functions f(t) 
on [O, a> such that 0 < A, B and B <f(A) imply BP < AP. 
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THEOREM 1. Given p > 1 and A > 0, let 
fp,A(t) = 
pAtP 
(p - 1)tp + AP 
on [o, 00). 
Then 0 < A, B and B < fp, A( A) imply BP < AP. 
Proof. We may assume A > 0. Let A = f,, A( A). Then we have, with 
identity matrix I, 
{ phZ - ( p - 1) i }A” = A$ 
hence 
pAZ - 
and 
_ 
(P -l)A>O 
AP=AQi{pAZ-(p - 
Since 0 Q B < A implies 
1)i }-l 
(p-1)x]-1 -I). 
{PAZ- (p - l)B}-’ < {PAZ - (p - 1)/i }-‘, 
we have from the above 
phi-(p-l)B]-l--l} 
= APB{pAZ - (p - l)B}-‘. 
Recall the Young inequality (see [l, Chapter 21) that for p > 1 
sp (p - 1)tp’p-’ 
stg-+ 
P P 
(s, t k 0). 
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Via diagonalization of B this yields the inequality 
API (p - 1)BP 
hBp_l < - + 
P P ’ 
so that 
,V’B{ phZ - ( p - 1) B} -l > BP. 
Therefore we can conclude Ap > BP. 
THEOREM 2. Given p > 1 and h > 0, let g,, ,(t) = (hptp + p - l)/ph 
on [0, a). Then 0 < A, B and g,, AC B) < A implies B p =G AP. 
Proof. We may assume B > 0. Since 
the assumption implies 
f,,,( B-l) a A-‘. 
Then by Theorem 1 we have B -P > A-p, which is equivalent to the 
assertion. n 
Given p > 1 and A > 0, let us consider the class MCp, [&lpl] of all 
positive semidefinite matrices S for which 0 < B < S [S < B] implies BP < 
AP [ AP < BP]. Then by Theorems 1 and 2, fp, AC A) [g,,*(A)] belongs 
to '"(P, [4PJ f or any A > 0. But when n > 2, A itself does not belong to 
either dCp, or dipi in general. In fact, we have the following. 
THEOREM 3. Let p > 1 and A > 0. 
(1) A E 1”1( pj if and only if A is a scalar multiple of an orthoprojection. 
(2) A E &j pl $ and only if A is a scalar. 
Proof. Write A in the form 
A = 2 Ajejej*, 
j=l 
68 T. AND0 AND F. HIAI 
where A, > A, 2 ... > A,, (> 0) are the eigenvalues of A, and e,, e2, . . . , e, 
are the corresponding unit eigenvectors. 
(1): When A is a scalar multiple of an orthoprojection, it is easy to see 
that 0 < B < A implies AB = BA, so that A E&(,,,. Suppose A is not a 
scalar multiple of an orthoprojection. Then hi > hi + , > 0 for some i. Let 
4 4 + 1 i+l 
B= 
Ai + Ai+r k i=ie’eT + ’ 
c c A]e,eT. 
j#i,i+ I 
Then 0 < B =g A, but BP < Al’ because the determinant of A”-BP 
restricted to the two dimensional subspace spanned by {ei, ei 1} is equal to 
2p( A:f;ii,)p{( Ai +2Ai+l)7J _ ‘,l’ +2Ar+1} < 
0. 
Remark here that if A > 0, then, with sufficiently small E > 0, the matrix 
B, = B - l (eieF+, + ei+le”) 
satisfies A > B, > 0 but A” & Br. 
(2): Suppose A is not a scalar. When A > 0, by the fact remarked above 
there is B > 0 such that B-’ < A-’ but B-P & A-P; hence A” & BP. 
When A is not positive definite, Ai > Ai+ I = 0 for some i. Let 
B = 2Ai(eieT + ei+rer+“,,) + fiAi(eieT+“, + ei+reF) -t- c A,e,e,?. 
j#i,i+ I 
Then A < B, but the determinant of B I’ - AJ’ restricted to the two dimen- 
sional subspace spanned by {et, ei + r) is equal to 
(2 + 6) + (2 - G)’ 
2 
which implies A’ 6 B J’. n 
COHOLLAHY 4. Let p > 1 and A 2 0. Then the class qp, has no 
maximum element unless A is a scalar multiple of an orthoprojection. 
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Proof. Suppose by contradiction that A > 0 is not a scalar multiple of 
an orthoprojection, represented as in the proof of Theorem 3, and S, is a 
maximum element of the class ticp,. Since for A > 0 
we have 
eTAe, 
hence 
Ai = supeTf,,,( A)e, < eFS,e, (i = 1,2,...,n); 
A>0 
trA < trS,. 
On the other hand, since So’ < AP, the order preserving property of the 
map X * X1lp yields S, < A. These together give A = S,, contradicting 
Theorem 3 that A does not belong to J”(,,. 
Remark that A is the maximum element in J”(,, if it is a scalar multiple 
of an orthoprojection. n 
In a similar way we can prove the following. 
COROLLARY 5. Let p > 1 and A 2 0. Then the class dLpl has no 
minimum element unless A is a scalar. 
COROLLARY 6. 0 < B < A < AZ implies 
Bp ~ (P - 1)“~’ 
PP 
ApA(AZ -A)-‘. 
Proof. It is easy to see that the solution A of the equation 
satisfies 
ip = (P - v-’ 
PP 
A”A( AZ - A) -I. 
Now the assertion follows from Theorem 1. 
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Finally let us clarify the optimality of the function &, ,(t). 
THEOREM 7. Let p > 1 and h > 0. Then the function f,, ,(t> is the 
(pointwise) maximum in the class of nonnegative functions f(t) on [O, a> 
such that f(h) = h and f(A) E dCp, for A > 0 of every order. 
Proof. Since f ,,(&)/A = fp ,(t), we may assume A = 1. Take a non- 
negative function j!t> on [O, m> s&h that f(l) = 1 and f(A) E$~‘,) for any 
A > 0. We have to prove 
f(t) <f&1(9 = 
PtP 
(p - l)tP + 1 
(t z 0). 
As in the proof of Theorem 3, f< A) E $(;p, implies f< A) < A for all A > 0, 
which is possible only when f(t) < t for t > 0; hence in particular f(O) < 
0 G f& ,(O). 
Fix t > 0. We may assume f(t) > 0. Consider an (n + 1) X (n + 1) 
matrix 
n 
A = diag(t, 1,1,...,1>‘. 
Then 
n n 
AP = diag(tP, 1, 1, . . . , 1) and f(A) = diag(f(t), m 
because of f(l) = I. Let 
B = see*, 
where 
IIf1 
‘T f(t) 
e = [l,l,...,l] and s= 
nf(t) + 1. 
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We claim that B <f(A), or equivalently 
xxx* < I, where X= [A )- t l/2 , l)...) l]_. 
Since xx * /II x Ii2 is an orthoprojection, this is guaranteed by the relation 
sll~\(~ = 1. Now we have by assumption BP < Ap, which is equivalent to 
n 
(n + l)P-‘sPee* < diag(tp, ‘l,..., l>. 
As in the above arguments, this is to say that 
or equivalently 
f(t 
Letting 12 + m, we i 
(n + 1)"~'f(t)' tp 
(nf(t) + I}’ G ntp + 1’ 
t 
)G( 
n + l)l-l’p(ntp + l)l’P - nt * 
u-rive at 
f(t) =G 
l?tp 
(p - 1)tP + 1 =fPN’ 
This completes the proof. n 
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